
Integration by trigonometric substitution 

1. The three common trigonometric substitution are the  

restricted sine, restricted tangent and restricted secant.                 Ans: True 

2. Typically trigonometric substitutions are used for problems 

 that involve radical expression s?      Ans: True 

3. In integration by substitution, when √𝑎2 + 𝑢2 the value of 𝑢 is 𝑎 tan 𝜃.            Ans: True 

4. In integration by substitutions, when √𝑎2 − 𝑢2 the 

 value of 𝑑𝑢 is 𝑎 si𝑛2 𝜃 𝑑𝜃.         Ans: False, 𝑎 cos 𝜃 𝑑𝜃  

5. In integration by substitutions, when √𝑢2 − 𝑎2 the 

 value of 𝑑𝑢 is 𝑎 co𝑠2 𝜃 𝑑𝜃.        Ans: False, 𝑎 sec 𝜃 tan 𝜃 𝑑𝜃 

6. ∫
√16−𝑥2

𝑥2 𝑑𝑥     Ans: −
√16−𝑥2

𝑥
− sin−1 (

𝑥

4
) + 𝐶 

7. ∫ √1 − 6𝑦2 𝑑𝑦    Ans: 
1

2√6
[sin−1(√6𝑦) + √6𝑦 √1 − 6𝑦2] + 𝐶 

8. ∫ cos 𝑥 √4 + 25 si𝑛2 𝑥  𝑑𝑥  Ans: =
2 ln(|√25 si𝑛2 𝑥+4+5 sin 𝑥|)

5
+ sin 𝑥√

25 si𝑛2(𝑥)

4
+ 1 + 𝐶  

9. ∫ 2𝑥5√4 + 16𝑥2𝑑𝑥
3

1
    Ans: = 2546.1589 

10. ∫
3

𝑥3√𝑥2−16

−4

−6
𝑑𝑥    Ans: = −0.015301 

 

 

Solution: 

6. ∫
√16−𝑥2

𝑥2 𝑑𝑥       7. ∫ √1 − 6𝑦2 𝑑𝑦 

𝑎2 = 16, 𝑎 = 4      𝑦 =
1

√6
sin 𝜃 

𝑥 = 4 sin 𝜃,  𝑑𝑥 = 4 cos 𝜃𝑑𝜃     √1 − 6𝑦2 

= ∫
√16−𝑥2

𝑥2         = √1 − si𝑛2 𝜃  

= ∫
√16−(4 sin 𝜃)2

(4 sin 𝜃)2 ∙ 4 cos 𝜃 𝑑𝜃      = √1 − co𝑠2 𝜃 

= ∫
√16−16 si𝑛2 𝜃

16 si𝑛2 𝜃
∙ 4 cos 𝜃 𝑑𝜃      = |cos 𝜃|  



= ∫
√16(1−si𝑛2 𝜃)

4 si𝑛2 𝜃
∙ cos 𝜃 𝑑𝜃        𝑑𝑦 =  

1

√6
cos 𝜃 𝑑𝜃  

= ∫
4√co𝑠2 𝜃

4 si𝑛2 𝜃
∙ cos 𝜃 𝑑𝜃         ∫ √1 − 6𝑦2  

= ∫
cos 𝜃

si𝑛2 𝜃
∙ cos 𝜃 𝑑𝜃       = ∫ cos 𝜃 (

1

√6
cos 𝜃) 𝑑𝜃 

= ∫
co𝑠2 𝜃

si𝑛2 𝜃
    𝑥 = 4 sin 𝜃,   =

1

√6
∫ co𝑠2 𝜃  𝑑𝜃 

= ∫
1−si𝑛2 𝜃

si𝑛2 𝜃
𝑑𝜃    

𝑥

4
= sin 𝜃   =

1

√6
∫

1

2
[1 + cos(2𝜃)] 𝑑𝜃 

= ∫[
1

si𝑛2 𝜃
−

si𝑛2 𝜃

si𝑛2 𝜃
]   sin−1 𝑥

4
= sin−1(sin 𝜃)  =

1

2√6
 [𝜃 +

1

2
sin(2𝜃)] + 𝐶 

=  ∫[cs𝑐2 𝜃 − 1] 𝑑𝜃   𝜃 = sin−1 (
𝑥

4
)    =

1

2√6
 [𝜃 + sin(𝜃) cos(𝜃)] + 𝐶 

 = − cot 𝜃 − 𝜃 + 𝐶   tan 𝜃 =
𝑥

√16−𝑥2
   sin 𝜃 = √6  →        𝜃 = sin−1(√6𝑦) 

= −
√16−𝑥2

𝑥
− sin−1 (

𝑥

4
) + 𝐶 cot 𝜃 =  

1

tan 𝜃
   sin 𝜃 =

𝑜𝑝𝑝

ℎ𝑦𝑝
=

√6𝑦

1
 

         cos 𝜃 = √1 − 6𝑦2 

         

       =
1

2√6
[sin−1(√6𝑦) + √6𝑦 √1 − 6𝑦2] + 𝐶   

 

 

8. ∫ cos 𝑥 √4 + 25 si𝑛2 𝑥 𝑑𝑥 =  ∫ √4 + 25 [sin 𝑥]2  9. ∫ 2𝑥5√4 + 16𝑥2𝑑𝑥
3

1
 

 𝑢 = sin 𝑥        𝑑𝑢 = cos 𝑥 𝑑𝑥        4 ∫ 𝑥5√4𝑥2 + 1 𝑑𝑥 

𝑑𝑥 =
1

cos 𝑥
𝑑𝑢           𝑢 = 4𝑥2 + 1  𝑑𝑢 = 8𝑥         𝑑𝑥 =

1

8𝑥
𝑑𝑢 

∫ √25𝑢2 + 4𝑑𝑢       =
1

128
∫(𝑢 − 1)2√𝑢𝑑𝑢 

𝑢 =
2 tan 𝑣

5
 𝑣 = arctan (

5𝑢

2
)    =

1

128
∫ (𝑢

5

2 − 2𝑢
3

2 + √𝑢) 𝑑𝑢 

d𝑢 =
2 se𝑐2(𝑣)

5
       = ∫ 𝑢

5

2 𝑑𝑢 − 2 ∫ 𝑢
3

2𝑑𝑢 + ∫ √𝑢𝑑𝑢  

= ∫
2 se𝑐2(𝑣)√4 ta𝑛2(𝑣)+4

5
𝑑𝑣     =

2𝑢
7
2

7
−

4𝑢
5
2

5
+

2𝑢
3
2

3
 

=
4

5
∫ se𝑐3(𝑣)𝑑𝑣      

1

128
∫(𝑢 − 1)2√𝑢𝑑𝑢 

∫▒cos⁡1 

√1 − 6𝑦2 

√6𝑦 
𝜃 



∫ se𝑐3(𝑣)𝑑𝑣      =
𝑢

7
2

448
−

𝑢
5
2

160
+

𝑢
3
2

192
 

=
sec 𝑣 tan 𝑣

2
+

1

2
∫ sec 𝑣 𝑑𝑣    =

(4𝑥2+1)
7
2

448
−

(4𝑥2+1)
5
2

160
+

(4𝑥2+1)
3
2

192
 

∫ sec 𝑣 𝑑𝑣             4 ∫ 𝑥5√4𝑥2 + 1 𝑑𝑥 

= ln(tan 𝑣 + sec 𝑣)     =
(4𝑥2+1)

7
2

112
−

(4𝑥2+1)
5
2

40
+

(4𝑥2+1)
3
2

48
 

=
sec 𝑣 tan 𝑣

2
+

1

2
∫ sec 𝑣 𝑑𝑣    =

(4𝑥2+1)
3
2(30𝑥4−6𝑥2+1)

210
+ 𝐶 

=
ln(tan 𝑣+sec 𝑣)

2
+

sec 𝑣 tuan 𝑣

2
    = 2(

2377.37
3
2

420
−

5
5
2

84
) 

=
4

5
∫ se𝑐3(𝑣)𝑑𝑣     = 2546.1589 

=
2 ln(tan 𝑣+sec 𝑣)

5
+

2 sec 𝑣 tan 𝑣

5
     

  Undo substitution: 𝑢 = arctan(
5𝑢

2
)    

tan(arctan
5𝑢

2
) =  

5𝑢

2
  

sec(arctan
5𝑢

2
) =  √

25𝑢2

4
+ 1   

=
2 ln(√25 si𝑛2(𝑥)

4
+1+

5 sin 𝑥

2
)

5
+ sin 𝑥√

25 si𝑛2(𝑥)

4
+ 1 + 𝐶  

=
2 ln(|√25 si𝑛2 𝑥+4+5 sin 𝑥|)

5
+ sin 𝑥√

25 si𝑛2(𝑥)

4
+ 1 + 𝐶  

 

10. ∫
3

𝑥3√𝑥2−25
𝑑𝑥

−5

−7
 

= 3 ∫
1

𝑥3√𝑥2−25
𝑑𝑥  

𝑢 = √𝑥2 − 25   𝑑𝑢 =
𝑥

√𝑥2−25
  𝑑𝑥 =

√𝑥2−25

𝑥
 

= ∫
1

(𝑢2+25)2 𝑑𝑢  

Apply reduction formula: 

∫
1

(𝑎𝑢2 + 𝑏)𝑛
𝑑𝑢 =

2𝑛 − 3

2𝑏(𝑛 − 1)
∫

1

(𝑎𝑢2 + 𝑏)𝑛−1
𝑑𝑢 +

𝑢

2𝑏(𝑛 − 1)(𝑎𝑢2 + 𝑏)𝑛−1
 

𝑎 = 1, 𝑏 = 25, 𝑛 = 2 



=
𝑢

50(𝑢2+25)
+

1

50
∫

1

𝑢2+25
𝑑𝑢  

∫
1

𝑢2 + 25
𝑑𝑢 

𝑣 =  
𝑢

5
  𝑑𝑣 =

1

5
  𝑑𝑢 = 5𝑑𝑣 

= ∫
5

25𝑣2+25
𝑑𝑣  

=
1

5
∫

1

𝑣2+1
𝑑𝑣  

=
1

5
∫

1

𝑣2+1
𝑑𝑣  

=
arctan 𝑣

5
  

=
𝑢

50(𝑢2+25)
+

1

50
∫

1

𝑢2+25
𝑑𝑢  

=
𝑢

50(𝑢2+25)
+

arctan(
𝑢

5
)

250
  

=
arctan(

√𝑥2−25

5
)

250
+

√𝑥2−25

50𝑥2   

3 ∫
1

𝑥3√𝑥2−25
𝑑𝑥   

=
3 arctan(

√𝑥2−25

5
)

250
+

3√𝑥2−25

50𝑥2   

= 3 (
49 arcsin(

5

7
)−10√6

12250
−

𝜋

500
)  

=
294 arcsin(

5

7
)−147𝜋−10∙6

3
2

24500
  

= −0.015301 

 

 


